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Context

Networked Control Systems (NCS)

@ Systems wherein the control loops are closed through a real-time
network.

Interference

Packet loss Network

Connectivity

Congestion

Random delay Limited capacity

System

o

Defining feature

Control and feedback signals are exchanged among the system’s
components in the form of information packages through a network.
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Context

Agreement Algorithms

Consensus

Common Value

@ Oifati-Saber et al., IEEE
Trans. Autom. Control
[2004]

@ Renetal, IEEE CDC
[2008]
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Is it possible to improve the convergence rate? And how?
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Introduction

Consensus in multi-agent systems (MAS):

To reach an agreement regarding a certain quantity of interest that
depends on the state of all agents under limited communication
Applications: multi-robot systems, distributed estimation and filtering in

networked systems.
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where L = A — A is the Laplacian matrix, and A is the adjacency matrix. )
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Problem Statement

Simple Integrator Consensus

Consider the classical simple integrator consensus algorithm

Xi(t) = ui(t) \
{ ui(t) = SjenagOg ) —x () 'S {1,...,N}, @)
or, expressed in another way,

X(t) = —Lx(t) , @

where x represents the vector containing the agents variables.

_ — -
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Problem Statement

Simple Integrator Consensus

Consider the classical simple integrator consensus algorithm

Xi(t) =ui(t) _
{ ui(t) = Yjenaij (% (t) —xi(t)) i€ {1, N}, (€]
or, expressed in another way,

X(t) = —Lx(t) , @

where x represents the vector containing the agents variables.

- —— -

Convergence rate is related with the 2"d smallest eigenvalue of L, A,
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Problem Statement

Simple Integrator Consensus

Consider the classical simple integrator consensus algorithm
Xi(t) =ui(t) ;
ie{l,....N}, 1
{ ui(t) = Sjen a0 —x (1) | S N &
or, expressed in another way,
X(t) = —Lx(t) , @)

where x represents the vector containing the agents variables.

— - — - = - -

Main Idea: Stabilizing Delay (wvichiels et al.[2004])

Introduce local memory in the algorithm to improve convergence
performances
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Problem Statement

Simple Integrator Consensus

Consider the classical simple integrator consensus algorithm
X (t) = u;(t) -
ie{l,...,N, 1
{ (M) = Sjenaty ) —x() | € N &
or, expressed in another way,

X(t) = —Lx(t) | @

where x represents the vector containing the agents variables.

e W\t -

As previously in
Rodrigues de Campos et al., IFAC NecSys [2010]

"Continuous-time double integrator consensus algorithms improved by an
appropriate sampling”
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Problem Statement

Delayed Consensus Algorithms

The previous algorithm is modified into a new algorithm defined by
X(t) = —(L+0A)X(t) + OAX(t — 1) 3)

Note that if & and/or T are taken as zeros, then the classical algorithm is
retrieved.

Algorithm’s convergence proprieties remain intact
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Problem Statement

Delayed Consensus Algorithms

The previous algorithm is modified into a new algorithm defined by

X(t) = —(L+0A)X(t) + OAX(t — 1) 3)

Note that if & and/or T are taken as zeros, then the classical algorithm is
retrieved.

Algorithm’s convergence proprieties remain intact

@ Large memory is needed in order to store all x values over the whole
time window [t — 1,t]
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Problem Statement

Sam pl [ ng DElay(Fridman etal. [2004])

We will consider a sampling delay such that:
T(t) :tftk, tk St < tk+l 9

where the ty’s corresponds to the sampling instants and T =ty 1 —ty is the
sampling period.

Sampling Signal

Time 5]

Smaller memory requirement
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Problem Statement

Sam pl [ ng DElay(Fridman etal. [2004])

We will consider a sampling delay such that:
T(t) :tftk, tk St < tk+l 9

where the ty’s corresponds to the sampling instants and T =ty 1 —ty is the
sampling period.

Sampling Signal

Time 5]

Smaller memory requirement
Drawbacks: More dedicated stability analysis
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Problem Statement

Finally the proposed algorithm is
V€ [t teyal,  X(t) = (=L = 3A)X(t) + SAX(tk) (4)

where 6 and T are now two additional control parameters.

|- iy l@) A

Bloc diagrams of the classical and the improved algorithms

Control Strategy:
Continus time system + "sampled and held” data as local memory
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Problem Statement

Consensus agreement:

Proof that the proposed algorithm achieve consensus
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Problem Statement

Consensus agreement:

Proof that the proposed algorithm achieve consensus

Considering a performance optimisation:

Proposal of a method to choose appropriately the algorithm
parameters d and T for a given L
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Problem Statement

Consensus agreement:
Proof that the proposed algorithm achieve consensus

Considering a performance optimisation:

Proposal of a method to choose appropriately the algorithm
parameters ¢ and T for a given L

Stability:

Establishment of exponential stability conditions.

Definition: Let a > 0 be some positive, constant, real number. The
system is said to be exponentially stable with the decay rate a, or
a-stable, if there exists a scalar 8 > 1 such that the solution X (t; to, @)
satisfies:

X (t;to, @)| < Blep| e 9.
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Problem Statement

Assumptions on the multi-agent set:

@ Al. Communication graph with a directed spanning tree

@ A2. Sampling process is periodic

@ A3. All agents are synchronized and share the same clock

@ A4. L= ul— A (Not restrictive)
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Problem Statement

Assumptions on the multi-agent set:

@ Al. Communication graph with a directed spanning tree
@ A2. Sampling process is periodic

@ A3. All agents are synchronized and share the same clock

@ A4. L= pul—A (Not restnctlve)

Problems to be solved:

@ P1. Theoretical guarantee of improved behavior
@ P2. Analytic expression of the consensus point

@ P3. Convergence to this point

@ P4. Convergence rate to this point
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Appropriate model

Model Transformation

For sake of generalization, let i be a positive scalar such that:

Z aj =M, ie{1,...,N}.
jes

Is then possible to make a change of coordinates x = Wz such that

B 0O
ULW = | = 5
|: OT 0 :| bl ( )

where B € R*, and for graphs containing a directed spanning tree,
u=[ul Ul ]T =W 1 and U, = (U)y corresponds to the N line of U.

The consensus problem (4) can be rewritten using z; € RN-1, z, € R and the
matrix B is given in (8):

21(t) = (=B +6(B+ ul))z1(t) — 3(B + pl)za (k) (6a)

25(t) = —pza(t) + Hzo(t), (6b)

Gabriel Campos, Alexandre Seuret Improved Consensus Algorithms With Memory 12/28




Appropriate model

Model Transformation

The consensus problem (4) can be rewritten using z; € RN-1,
Z, € R and the matrix B is given in (8):

z1(t) = (-B+8(B+ul))ze(t) — 6(B+ ul)ze(t),  (7@)
Zo(t) = *H_Zz(t)j' Hza(tk),  (7b)

Interpretation:

The sampled algorithm is decomposed into two components:

@ z, is a vectorial component associated to non-zero
eigenvalues that converge to zero.
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Appropriate model

Model Transformation

The consensus problem (4) can be rewritten using z; € RN-1,
Z, € R and the matrix B is given in (8):

z1(t) = (-B+8(B+ul))ze(t) — 6(B+ ul)ze(t),  (7@)
Zo(t) = *H_Zz(t)j' Hza(tk),  (7b)

Interpretation:
The sampled algorithm is decomposed into two components:

@ z, is a vectorial component associated to non-zero
eigenvalues that converge to zero.

@ Zz, is scalar component associated to the zero eigenvalue
that converge to the initial positions average.
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Improved behavior ?

Theoretical guarantee for improved behavior

Proposition: For small values of  and T convergence increases
when compare with the trivial algorithm.

Let B be the diagonal matrix of the Laplacian matrix eigenvalues such

that
) 0

B: : . .
0 ... A&
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Improved behavior ?

Theoretical guarantee for improved behavior

Proposition: For small values of  and T convergence increases
when compare with the trivial algorithm.

Let B be the diagonal matrix of the Laplacian matrix eigenvalues such

that
) 0

B=| &+ . 1l ®)
0O ... —Av

Thus, we establish foralli=1,...,N—1

23i(t) = (—Aiyr + 0(Aip1 + 1))z1i(t) = 6(Aiyr + 1)Z1i (k). (9)

v
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Improved behavior ?

Theoretical guarantee for improved behavior

By integrating the previous equation, the following recurrence equation
represents the discrete dynamics of the algorithm.

23i(tk+1) = A(Ai41,0,T)Z1i (t), (10)
with

s A S(Mist + 1)
A(Ai11,0,T) =ex (=242 +0(Ai 1 +1))T i+1 i+1 )
(hi41,0,T) = exp P P RET) R P )
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Improved behavior ?

Theoretical guarantee for improved behavior

By integrating the previous equation, the following recurrence equation
represents the discrete dynamics of the algorithm.

23i(tk+1) = A(Ai41,0,T)Z1i (t), (10)
with

—Aiq1 O(Aip1 +H) )
A1 +0(Aiyr+H)  —Aiyr +0(Aig+ )

A(Xi1,0,T) = exp(*)\i+1+5(/\i+1+l’1))T

We will show that by varying é and T values close to zero, we achieve a
performance improvement for VA;_ 1, if

aA(AH-lv 6>T)

T <0, for some & values (11a)
A(A; T
% <0, for some T values (11b)
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Improved behavior ?

Theoretical guarantee for improved behavior

When we evaluate the previous equation for T ~ 0 and for é ~ 0, respectively,
we have
0A(Aj11,0,T
( I;—_]F ) ) :_AH_]_SO
A(A T A
0A(%i+1,9,T) —e T g+ (T + LY (AatH) g
9o A1 A1
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Improved behavior ?

Theoretical guarantee for improved behavior

When we evaluate the previous equation for T ~ 0 and for é ~ 0, respectively,
we have
0A(Aj11,0,T
( I;—_]F ) ) :_AH_]_SO
A(A T A
9A(Ai+1,9, )=e”\‘“T(Ai+1+u) T 1) (A tH) g
9o A1 A1

- -1 A >

Ag PAGL18T) _

aT
negative for small values of T, we can then conclude that for small values of
and T we converge more rapidly when compare with the trivial algorithm.

itls 5T)

= —Aj1 is negative for all value of 6, and ‘?A(AM is also
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Stability Analysis

Sketch of the Proof:

X(t) = (—L— 0A)x(t) + dAX (tk)
| Model Transformation

2;(t) = (=B + (B + ul))z1(t) — 8(B + pul)za(t),
Z5(t) = —pza(t) + pza(ty),
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Stability Analysis

Sketch of the Proof:

Step 2) Stability of z,

For Vt € [tk tk+1[
Zo(t)(= U2x(t)) = 22(t) = 22(0)

proving that z, is constant and that

X (%) = Uzx(0)
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Stability Analysis

Sketch of the Proof:

Step 3) Exponential stability of z;
Consider the following Functional:
V(t,z1(t)) = 2{ (t)Pzi(t)

The objective is to prove that the increment AV, is negative
definite:

AVg =V(k+1)—e 29TV (k) <0,

then z;(t) —t—» O (with a exp. decay rate a)
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Stability Analysis

Main Result

Consider now the following dynamics of z;

21(t) = (-B+ 3B+ u)ar ()~ 5B+ Miz(t).  (133)
25(t) = —Hzo(t) + HZa(t),  (13D)

and re-write it in the following way
Z1(t) = A(9)z1(t) +Ad(8)z1 (),
with A(d) = (—B + d(B + ul)) and Aq(d) = —(B + ul).
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Stability Analysis

M al n ReS U It (based on A. Seuret,”Stability of sampled-data Systems”, Automatica [2011])

Assume that there exist P > 0, R > 0 and S; and X € S" and two matrices
S, € R™M and N € RZ™" that satisfy
My +fa(T,0)M, + hg(T,0)M3 <O, (14)
M1+he(T,T)MN3  ga(T,T)N
{ ) “ga(T. TR | 0 (15)
where
fa(T,7) = (€290~ _1)/2q, My = 2He{M{ P(Mo +aM; )} —MJ S1 M3
ga(T,7)=e20T (1—e20T)/2q, —2He{MJ S,My) — 2He{NM3}, (6)
ha(T,1)= L [ezaT 1 _g2ar M, = MJ RMg +2He{M{ (S1M3 +S;My)},
Ty &S | 2aT ’ Mg = MJ XMy.
Also,
Mo=[ A(B) A4q(d) ].My=[1 0 |,My=[0 I |,Mg=[ | ~—I ], and2He{A}=A+AT.
Then, the consensus algorithm is thus a —stable and converge to the average of
initial conditions, and AV, <0

v
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Examples

Simulation Scenario

Consider a set of agents connected through the undirected and directed graphs shown as in:
QO ©
© ©,
© ®
o O
Graph 0 Graph 1
To each graph is associated a Laplacian matrix given by
1 -0.5 0 0 0 -0.5
-0.5 1 -0.5 0 0 0 1 -1 0 0
L8 0 0.5 1 -05 0 0 L_| o 1 -1 o0
v= 0 0 -05 1 -05 0 H= @ 0 I R
0 0 0 -0.5 1 -0.5 -1 0 0 1
-0.5 0 0 0 -0.5 1
and for simulations we took as initial conditions:
xJ (0)=[3025150 —10 —30] and x{ (0) = [30 25 15 0].
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Examples

Controller parameters optimization results

maxa(o, T

n il ‘u v : i

'nm 'n

Figure: Exponential decay rate Figure: Exponential decay rate
for Gg for G,
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Examples

Al g 0 I’Ith m CO nV I'g e n Ce Evolution of the agents state for several values of (5, T)

Simple integrator algorithms for LO Simple integrator algorithms for L1

Agent's states
S

Agent's states

5 0
T=0 80 T=0 &0

Agent's states
Agent's states

3 B ® 0 0 O
T=032 5196 T=009 5=1.96

Agent's states
\|

Agents states

g g s O
T=032 -0.05 T=009 &0.1

Agent's states
Agent's states

G O
T=01 8196 T=09 5196
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Examples

AI g 0 I’Ith m CO nVE rg e n Ce (Error with respect to the agreement value evolution)

Error with respect to the agreement value evolution:

Consider now
€= |X(t) — Xoo| ,

as the module of the error between agents states and the agreement
value Xe
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Examples

ergenCe (Evolution of the error with respect to the agreement value)

—— Classical Algo. —— Classical Algo.
50 - - - Improved Algo. - - - Improved Algo.

1X0-x%,.|
1X0-x%,1

8 10 12

6
Time [s]

log (I x(® - x, )

8 10 12 0 2

8 10 12

6 6
Time [s] Time [s]

Time evolution of error € and logig(€) for Gg and G
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Conclusions

Conclusions and Perspectives

For the proposed algorithm

@ Theoretical guarantee for improved behavior is stated
@ Sufficient stability conditions are provided
@ Exponential stability of the solutions is achieved

@ Improved behavior observed for different types of networks

Drawbacks

@ LMI based stability conditions complexity for large networks.

@ Centralized LMI solution

Perspectives

@ Robustness with respect to errors in the synchronisation clocks.
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Thank you for your attention
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